Abstract Let H = (V, E) be a hypergraph, where V is a set of vertices and E is a set of non-empty subsets of V called edges. If all edges of H have the same cardinality r, then H is a r-uniform hypergraph; if E consists of all r-subsets of V , then H is a complete runiform hypergraph, denoted by K r n , where
Introduction
In this paper, we consider finite simple graphs. For graph-theoretical terminologies and notation not defined here, we follow [3] . For a graph G, we use κ ′ (G) to denote the edge-connectivity of G. The complement of a graph G is denoted by G c . For X ⊆ E(G c ), G + X is the graph with vertex set V (G) and edge set E(G) ∪ X. We will use G + e for G + {e}. The f loor of a real number x, denoted by ⌊x⌋, is the greatest integer not larger than x; the ceil of a real number x, denoted by ⌈x⌉, is the least integer greater than or equal to x. For two integers n and k, we define ( n k ) = n! k!(n−k)! when k ≤ n and ( n k ) = 0 when k > n. Given a graph G, Matula [9] defined the strength κ ′ (G) of G as max{κ ′ (G ′ ) : G ′ ⊆ G}. For a positive integer k, the graph G is k-edge-maximal if κ ′ (G) ≤ k but for any edge e ∈ E(G c ), κ ′ (G + e) > k. Mader [8] and Lai [6] proved the following results. Theorem 1.1. Let k ≥ 1 be an integer, and G be a k-edge-maximal graph on n > k + 1 vertices. Each of the following holds.
(i) (Mader [8] ) |E(G)| ≤ (n − k)k + ( k 2 ). Furthermore, this bound is best possible. (ii) (Lai [6] ) |E(G)| ≥ (n − 1)k − ⌊ n k+2 ⌋( k 2 ). Furthermore, this bound is best possible.
In [1] and [7] , k-edge-maximal digraphs are investigated, and the upper bound and the lower bound of the sizes of the k-edge-maximal digraphs are determined, respectively. Motivated by these results, we will study k-edge-maximal hypergraphs in this paper.
Let H = (V, E) be a hypergraph, where V is a finite set and E is a set of non-empty subsets of V , called edges. An edge of cardinality 2 is just a graph edge. For a vertex u ∈ V and an edge e ∈ E, we say u is incident with e or e is incident with u if u ∈ e. If all edges of H have the same cardinality r, then H is a r-unif orm hypergraph; if E consists of all r-subsets of V , then H is a complete r-unif orm hypergraph, denoted by K r n , where n = |V |. For n < r, the complete r-uniform hypergraph K r n is just the hypergraph with n vertices and no edges. The complement of a r-uniform hypergraph H = (V, E), denoted by H c , is the r-uniform hypergraph with vertex set V and edge set consisting of all r-subsets of V not in E.
H + X is the hypergraph with vertex set V (H) and edge set E(H) ∪ X; for X ′ ⊆ E(H), H − X ′ is the hypergraph with vertex set V (H) and edge set E(H) \ X ′ . We use H + e for H + {e} and H − e ′ for H − {e ′ } when e ∈ E(H c ) and e ′ ∈ E(H). 
For a nonempty proper vertex subset X of a hypergraph H, we call
subhypergraph of H has edge-connectivity at most k, but for any edge e ∈ E(H c ), H +e contains at least one subhypergraph with edge-connectivity at least k + 1. Since κ ′ (K r n ) = ( n−1 r−1 ), we note that H is a complete r-uniform hypergraph if H is a k-edge-maximal r-uniform hypergraph such that ( n−1 r−1 ) ≤ k, where n = |V (H)|. For results on the connectivity of hypergraphs, see [2, 4, 5] for references.
The main goal of this research is to determine, for given integers n, k and r, the extremal sizes of a k-edge-maximal r-uniform hypergraph on n vertices. Section 2 below is devoted to the study of some properties of k-edge-maximal r-uniform hypergraphs. In section 3, we give the upper bound of the sizes of k-edge-maximal r-uniform hypergraphs and characterize these k-edge-maximal r-uniform hypergraphs attained this bound. We obtain the lower bound of the sizes of k-edge-maximal r-uniform hypergraphs and show that this bound is best possible in section 4.
Properties of k-edge-maximal r-uniform hypergraphs
For a 1-edge-maximal r-uniform hypergraph H with n = |V (H)|, we can verify that ⌈
r−1 ⌉. Thus, from now on, we always assume k ≥ 2. Definition 1. For two integers k and r with k, r ≥ 2, define t = t(k, r) to be the largest integer such that (
In order to complete the proof, we only need to show that κ ′ (H) ≥ k.
Let X be a minimum edge-cut of H, and let H 1 be a component of H − X with minimum number of vertices and
, n = n 1 + n 2 and n 1 ≤ n 2 . To prove the lemma, we consider the following two cases.
consists of all r-subsets of V (H) intersecting both V (H 1 ) and V (H 2 ). Thus
). It is routine to verify that g(x) is a decreasing function when 1 ≤ x ≤ n/2. If n 1 ≥ 2, then as H is connected we have r ≤ n 1 ≤ n/2. Thus
which contradicts to κ ′ (H) ≤ δ(H). Thus, we assume n 1 = 1. Now we have
, we conclude that H ′ is a subhypergraph of H 1 +e, and so
Lemma 2.3. Let H = (V, E) be a k-edge-maximal r-uniform hypergraph on n vertices, where k, r ≥ 2. Assume n ≥ t when ( t−1 r−1 ) = k and n ≥ t + 1 when ( t−1 r−1 ) < k, where t = t(k, r). Let X ⊆ E(H) be a minimum edge-cut of H and let H 1 be a union of some but not all components of
Proof. By Lemmas 2.1 and 2.2, we have |X| = κ ′ (H) = k and H 1 is a k-edge-maximal r-uniform hypergraph, respectively. If H 1 is not complete, then there is a subhypergraph H ′ 1 of H 1 + e such that κ ′ (H ′ 1 ) ≥ k + 1 for any e ∈ E(H c 1 ). Since (
. Now we assume H 1 is a complete r-uniform hypergraph. Let H 2 = H − V (H 1 ). If n 1 = |V (H 1 )| < t, then, in order to ensure each vertex in H 1 has degree at least k in H (because δ(H) ≥ κ ′ (H) = k), we must have n 1 = t − 1 and k = ( t−1 r−1 ). Moreover, each vertex in H 1 is incident with exact ( t−2 r−2 ) edges in E H [H 1 , H 2 ], and thus d H (u) = k for each u ∈ V (H 1 ). By (1), there is an e intersecting both V (H 1 ) and V (H 2 ) but e / ∈ X. Since n 1 ≥ r, there is a vertex w ∈ V (H 1 ) such that w is not incident with e. Then d H+e (w) = k. This implies w is not contained in a (k + 1)-edge-connected subhypergraph of H + e. But then each vertex in V (H 1 ) \ {w} has degree at most k in (H + e) − w, and thus each vertex in V (H 1 ) \ {w} is not contained in a (k + 1)-edge-connected subhypergraph of H + e. This illustrates that there is no (k + 1)-edge-connected subhypergraph in H + e, a contradiction. Thus we have n 1 ≥ t. If n 1 > t, then κ ′ (H 1 ) = ( n 1 −1 r−1 ) ≥ ( t r−1 ) > k, contrary to H is k-edge-maximal. Therefore, n 1 ≤ t, and thus n 1 = t holds. It is known that κ ′ (H) ≤ δ(H) holds for any hypergraph H. If κ ′ (H) = δ(H), then we say H is maximal-edge-connected. An edge-cut X of H is peripheral if there exists a vertex v such that X = E H (v). A hypergraph H is super-edge-connected if every minimum edge-cut of H is peripheral. By definition, every super-edge-connected hypergraph is maximal-edge-connected.
Lemma 3.1. Let k and r be integers with k, r ≥ 2. If n ≥ t when ( t−1 r−1 ) = k and n ≥ t + 1 when ( t−1 r−1 ) < k, where t = t(k, r), then for any H ∈ M(n; k, r), we have (i) δ(H) = k;
(ii) H is super-edge-connected; and
We will prove this lemma by induction on n. 
we have δ(H) = k. Now we assume n ≥ t + 1 when ( t−1 r−1 ) = k and n ≥ t + 2 when ( t−1 r−1 ) < k. Since H = H s is obtained from H s−1 by adding a new vertex v s and k edges with cardinality r such that each added edge is incident with v s , then by the induction assumption that δ(H s−1 ) = k, we obtain δ(H) = δ(H s ) = k.
(ii) If n = t and ( r−2 ) − 1. In order to prove that H is k-edge-maximal, it suffices to verify that κ ′ (H + e) ≥ k + 1 for any e ∈ E(H c ). By definition 2, H + e is obtained from K r t by adding a new vertex v 1 and k + 1 edges with cardinality r such that each added edge is incident with v 1 . If there exists a vertex u ∈ V (K r t ) such that at most i edges are incident with both u and v 1 in H + e, then by k = ( . Thus the hypergraph induced by (V (H 0 ) \ {w}) ∪ {v 1 } in H s is complete, and so H ′ ∈ M(n − 1; k, r). By induction assumption, κ ′ (H ′ +e) ≥ k+1, and so κ ′ (H s +e) ≥ κ ′ (H ′ +e) ≥ k+1, contrary to κ ′ (H s +e) ≤ k. Theorem 3.2. Let H be a k-edge-maximal r-uniform hypergraph on n vertices, where k, r ≥ 2.
